Abstract In this paper, the notion of mixed f, g monotone mapping is introduced, and the coupled coincidence point theorem for nonlinear contractive mappings in partially ordered complete metric spaces has been proved. Presented theorems are generalizations of the recent fixed point theorems due to Lakshmikantham and Ć iric´(2009) [17] and include several recent developments. Also, using the theory of countable extension of t-norm, it has been proved that a common fixed point theorem given in Ć iric´(2011) [12] hold for a more general classes of t-norms in fuzzy metric spaces. Their theorem can be used to investigate a large class of problems and has discussed the existence and uniqueness of solution for a periodic boundary value problem.
Introduction and preliminaries
The Banach contraction principle is one of the most important fixed point theorem, end generalized in various directions. For more results, we refer . Boyd and Wong [4] extended the Banach contraction principle to the case of nonlinear contraction mappings. Ran and Reurings [23] proved a Banach contraction principle in partially ordered metric spaces. After that, many authors have continued research (see [2, 3, 17, 20, 21] ). In a recent papers, Bhaskar and Lakshmikantham [3] and Lakshmikantham and Ć iric´ [17] proved a coupled fixed point results for mixed monotone and contraction mapping in partially ordered metric spaces. Bhaskar and Lakshmikantham [3] noted that their theorem can be used to investigate a large class of problems and has discussed the existence and uniqueness of solution for a periodic boundary value problem. Definition 1.1. Let ðX; 6Þ be a partially ordered set and F : X ! X is such that for x; y 2 X; x 6 y implies FðxÞ 6 FðyÞ.
Then, a mapping F is said to be non-decreasing. Similarly, it is defined as a non-increasing mapping.
Lakshmikantham and Ć iric´ [17] introduced the following notions of a mixed monotone mapping and a coupled fixed point. Definition 1.2 [17] . Let ðX; 6Þ be a partially ordered set, F : X Â X ! X and g : X ! X. We say F has the mixed g-monotone property if F is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in its second argument, that is, for any x; y 2 X, x 1 ; x 2 2 X; gðx 1 Þ 6 gðx 2 Þ implies Fðx 1 ; yÞ 6 Fðx 2 ; yÞ ð1Þ and y 1 ; y 2 2 X; gðy 1 Þ 6 gðy 2 Þ implies Fðx; y 1 Þ P Fðx; y 2 Þ: ð2Þ Definition 1.3 [17] . An element ðx; yÞ 2 X Â X is called a coupled coincidence point of a mapping F : X Â X ! X and g : X ! X if Fðx; yÞ ¼ gðxÞ; Fðy; xÞ ¼ gðyÞ:
Definition 1.4 [17] . Let X be a non-empty set and F : X Â X ! X and g : X ! X. We say F and g are commutative if gðFðx; yÞÞ ¼ FðgðxÞ; gðyÞÞ for all x; y 2 X.
The main theoretical results of Lakshmikantham and Ć iricí n [17] are the following coupled coincidence point theorems.
Theorem 1.5 [17] . Let ðX; 6Þ be a partially ordered set and suppose there is a metric d on X such that ðX; dÞ is a complete metric space. Assume there is a function u : ½0; þ1Þ !½0; þ1Þ with uðtÞ < t and lim r!tþ uðrÞ < t for each t > 0 and also suppose F : X Â X ! X and g : X ! X are such that F has the mixed g-monotone property and dðFðx; yÞ; Fðu; vÞÞ 6 u dðgðxÞ; gðuÞÞ þ dðgðyÞ; gðvÞÞ 2 ð3Þ
for all x; y; u; v 2 X for which gðxÞ 6 gðuÞ and gðyÞ P gðvÞ. Suppose FðX Â XÞ # gðXÞ; g is continuous and commutes with F and also suppose either (a) F is continuous or (b) X has the following property:
ðiÞ if a non-decreasing sequence fx n g ! x; then x n 6 x for all n; ð4Þ ðiiÞ if a non-increasing sequence fy n g ! y; then y 6 y n for all n:
If there exists x 0 ; y 0 2 X such that gðx 0 Þ 6 Fðx 0 ; y 0 Þ and gðy 0 Þ P Fðy 0 ; x 0 Þ; then there exist x; y 2 X such that gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ; that is, F and g have a coupled coincidence.
Recently, coupled coincidence point results can see in [26] [27] [28] [29] . Inspired with Definition 1.3 we introduce in this paper the concept of a mixed fg-monotone mapping and prove a coupled coincidence fixed point theorems for nonlinear contractive mappings in partially ordered complete metric spaces.
Since the probabilistic metric spaces introduced by Menger [30] are a natural generalization of a metric spaces, Ć iric´et al. [12, 13] introduced a concept of monotone-generalized contraction in partially ordered probabilistic metric space, and they proved a common fixed point theorem. In [12] Ć iric´et al. introduced the concept of mixed monotone-generalized contraction in partially ordered probabilistic metric space, and they proved a coupled coincidence and coupled fixed point theorem where they used a t-norm of H-type. Inspired with that in this paper, we proved that the result in [12] hold for a more general class of t-norms.
Through this paper with D þ , we denoted the space of all distribution function, i.e. D þ ¼ fF : R [ ½0; 1 ! ½0; 1 : F is left continuous and non-decreasing on R; Fð0Þ ¼ 0 and Fðþ
, where the l À fðxÞ denotes the left limit of the function f at the point x. The space D þ is partially ordered by the usual point-wise ordering of function, i.e. T ða; 1Þ ¼ a for all a 2 ½0; 1; T ða; bÞ ¼ T ðb; aÞ for all a; b 2 ½0; 1; a P b; c P d ) T ða; cÞ P T ðb; dÞ ða; b; c; d 2 ½0; 1Þ; T ða; T ðb; cÞÞ ¼ T ðT ða; bÞ; cÞ ða; b; c 2 ½0; 1Þ.
The following are the four basic t-norms (see [31] ): 
; k 2 ð0; 1Þ:
(ii) The Acz el-Alsina family of t-norms ðT Þ; k 2 ðÀ1; 1Þ:
The following class of t-norms, that has proved itself as a highly useful tool in the fixed point theory, was introduced in [15] . Definition 1.8 [15] . Let T be a t-norm, and let T n ð Þ n2N be a sequence of t-norms given by the following:
T 1 ðxÞ ¼ Tðx; xÞ and T nþ1 ðxÞ ¼ TðT n ðxÞ; xÞ:
A t-norm T is of the H-type if T is continuous and the sequence fT n ðxÞg n2N is equicontinuous at x ¼ 1.
Remark 1. The family fT n ðxÞg n2N of t-norms is equicontinuous at x ¼ 1, if for all k 2 ð0; 1Þ, there exists dðkÞ 2 ð0; 1Þ such that the following implication holds:
(see [15] ). A trivial example of a t-norm of H-type is T ¼ T M . A non-trivial example can be found in [15] .
An arbitrary t-norm T can be extended, due to the associativity, to an n-ary operation on ½0; 1 n (see [31] ):
Also, a t-norm T can be extend to a countable case as follows:
where ðx n Þ n2N is an arbitrary sequence from ½0; 1. The limit on the right-hand side exists since the sequence ðT n i¼1 x i Þ n2N is nonincreasing and bounded from below.
In [16] the following equivalences and proposition proved and that will be used further:
If ðT Ã k Þ k2ð0; 1Þ is the Dombi family of t-norms or the Acz el-Alsina family of t-norms and if ðx n Þ n2N is a sequence of elements from ð0; 1 such that lim n!1 x n ¼ 1, then
If ðT SW k Þ k2ðÀ1; 1 is the Sugeno-Weber family of t-norms and ðx n Þ n2N is a sequence of elements from ð0; 1 such that lim n!1 x n ¼ 1, then
Proposition 1.9 [16] . Let ðx n Þ n2N be a sequence of numbers from ½0; 1 such that lim n!1 x n ¼ 1 and t-norm T is of the H-type. Then,
Definition 1.10. The ordered triple ðX; F ; TÞ is said to be a Menger probabilistic metric space if X is a non-empty set and F : X Â X ! D þ ðF ðu; vÞ written by F u;v for every ðu; vÞ 2 X Â XÞ satisfies the following conditions: A sequence fx n g n2N in X is said to be convergent to x in X if for every e > 0 and k > 0 there exists N 2 N such that F xn;x ðeÞ > 1 À k whenever n P N . A sequence fx n g n2N in X is a Cauchy sequence if and only if for every e > 0 and k 2 ð0; 1Þ there exists n 0 ðe; kÞ 2 N such that F xnþp;xn ðeÞ > 1 À k for every n P n 0 ðe; kÞ and every p 2 N. If a Menger probabilistic metric space ðX ; F ; T Þ is such that every Cauchy sequence fx n g n2N in X converges in X, then ðX ; F ; T Þ is a complete space. In [12] Ć iric´et al. proved the following coupled coincidence point theorems. Theorem 1.13. Let ðX; 6Þ be a partially ordered set and ðX; F ; TÞ be a complete Menger probabilistic metric space under a t-norm T of H-type. Suppose A : X Â X ! X and f : X ! X are two mappings such that A has the f-mixed monotone property on X and for some k 2 ð0; 1Þ, F Aðx;yÞ;Aðu;vÞ ðktÞ P minfF fðxÞ;fðuÞ ðtÞ; F fðyÞ;fðvÞ ðtÞ; F fðxÞ;Aðx;yÞ ðtÞ; ð8Þ Two extensions of coupled coincidence point resultsF fðuÞ;Aðu;vÞ ðtÞ; F fðyÞ;Aðy;xÞ ðtÞ; F fðvÞ;Aðv;uÞ ðtÞg for every x; y 2 X for which fðxÞ 6 fðuÞ and fðyÞ P fðvÞ and every t > 0.
Suppose also that AðX Â XÞ # fðXÞ; fðXÞ is closed and ðiÞ if ffðx n Þg & X is a non-decreasing sequence with ffðx n Þg ! fðxÞ; then fðx n Þ 6 fðxÞ for all n, ðiiÞ if ffðy n Þg & X is a non-increasing sequence with ffðy n Þg ! fðyÞ; then fðyÞ 6 fðy n Þ for all n.
If there exists x 0 ; y 0 2 X such that fðx 0 Þ 6 Aðx 0 ; y 0 Þ and fðy 0 Þ P Aðy 0 ; x 0 Þ:
Then there exist p; q 2 X such that fðpÞ ¼ Aðp; qÞ and fðqÞ ¼ Aðq; pÞ;
that is, A and f have a coupled coincidence.
Theorem 1.14. Let ðX; 6Þ be a partially ordered set and ðX; F ; TÞ be a complete Menger probabilistic metric space under a t-norm T of H-type. Suppose A : X Â X ! X and f : X ! X are two continuous mappings such that A has the f-mixed monotone property on X and f commutes with A. Suppose that for some k 2 ð0; 1Þ, condition (8) hold for every x; y 2 X for which fðxÞ 6 fðuÞ and fðyÞ P fðvÞ and every t > 0.
Then there exist p; q 2 X such that fðpÞ ¼ Aðp; qÞ and fðqÞ ¼ Aðq; pÞ; that is, A and f have a coupled coincidence. Now, we prove our main results.
Main results
Definition 2.1. Let ðX; 6Þ be a partially ordered set and F : X Â X ! X; f : X ! X and g : X ! X. We say F has the mixed fg-monotone property if F is monotone f-non-decreasing in its first argument and is monotone f-non-increasing in second argument, and also F is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in second argument, that is, for any x; y 2 X, Definition 2.3. Let X be a non-empty set, F : X Â X ! X and f; g : X ! X. We say F commute with f and g if fgðFðx; yÞÞ ¼ FðfgðxÞ; fgðyÞÞ for all x; y 2 X. Theorem 2.4. Let ðX; 6Þ be a partially ordered set and suppose there is a metric d on X such that ðX; dÞ is a complete metric space. Assume there is a function u : ½0; þ1Þ !½0; þ1Þ with uðtÞ < t and lim r!tþ uðrÞ < t for each t > 0 and also suppose F : X Â X ! X and f; g : X ! X are such that fg ¼ gf; F has the mixed fg-monotone property and dðFðx; yÞ; Fðu; vÞÞ 6 u dðgðxÞ; gðuÞÞ þ dðfðyÞ; fðvÞÞ 2 ð14Þ
for all x; y; u; v 2 X for which gðxÞ 6 gðuÞ and fðyÞ P fðvÞ, and dðFðx; yÞ; Fðu; vÞÞ 6 u dðfðxÞ; fðuÞÞ þ dðgðyÞ; gðvÞÞ 2 ð15Þ
for all x; y; u; v 2 X for which fðxÞ 6 fðuÞ and gðyÞ P gðvÞ. Suppose FðX Â XÞ # fðXÞ \ gðXÞ; g; f are continuous and increasing functions and gf commutes with F and also suppose either (a) F is continuous or (b) X has the following property:
ðiÞ if a non-decreasing sequence fx n g ! x ; then x n 6 x for all n; ð16Þ ðiiÞ if a non-increasing sequence fy n g ! y ; then Continuing this process we can construct sequences fx n g and fy n g in X such that gðx nþ1 Þ ¼ fðx n Þ ¼ Fðx n ; y n Þ and fðy nþ1 Þ ¼ gðy n Þ ¼ Fðy n ; x n Þ for all n P 0:
We shall show that gðx n Þ 6 gðx nþ1 Þ; fðx n Þ 6 fðx nþ1 Þ for all n P 0; ð21Þ and fðy n Þ P fðy nþ1 Þ; gðy n Þ P gðy nþ1 Þ for all n P 0:
We Based on (10), (11), (23) and (24) 
Analogous, using (9), (12), (23) and (24) 
i.e.
Thus (21) and (22) hold for n ¼ 0. Suppose now that (21) and (22) hold for some fixed n P 0. Then, since fðx nÀ1 Þ ¼ gðx n Þ 6 gðx nþ1 Þ ¼ fðx n Þ and gðy n Þ ¼ fðy nþ1 Þ 6 fðy n Þ ¼ gðy nÀ1 Þ, and as F has the mixed g; fmonotone property, from (20) and (5), fðx n Þ ¼ gðx nþ1 Þ ¼ Fðx n ; y n Þ 6 Fðx nþ1 ; y n Þ and fðx nþ1 Þ ¼ gðx nþ2 Þ ¼ Fðx nþ1 ; y nþ1 Þ P Fðx nþ1 ; y n Þ; ð29Þ
and from (20) , (21) and (22) gðy n Þ ¼ fðy nþ1 Þ ¼ Fðy n ; x n Þ P Fðy n ; x nþ1 Þ; and gðy nþ1 Þ ¼ fðy nþ2 Þ ¼ Fðy nþ1 ; x nþ1 Þ 6 Fðy n ; x nþ1 Þ: ð30Þ
Now from (29) and (30) we get gðx nþ1 Þ 6 gðx nþ2 Þ; fðx n Þ 6 fðx nþ1 Þ and fðy nþ1 Þ P fðy nþ2 Þ; gðy n Þ P gðy nþ1 Þ:
Thus by the mathematical induction we conclude that (21) and (22) hold for all n P 0. Denote d n ¼ dðgðx n Þ; gðx nþ1 ÞÞ þ dðfðy n Þ; fðy nþ1 ÞÞ ¼ dðfðx nÀ1 Þ; fðx n ÞÞ þ dðgðy nÀ1 Þ; gðy n ÞÞ:
We show that
Since gðx nÀ1 Þ 6 gðx n Þ and fðy nÀ1 Þ P fðy n Þ, from (14) and (20) we have dðgðx n Þ; gðx nþ1 ÞÞ ¼ dðFðx nÀ1 ; y nÀ1 Þ; Fðx n ; y n ÞÞ 6 u dðgðx nÀ1 Þ; gðx n ÞÞ þ dðfðy nÀ1 Þ; fðy n ÞÞ 2
Similarly, from (15) and (20), as fðy n Þ 6 fðy nÀ1 Þ and gðx n Þ P gðx nÀ1 Þ, dðfðy nþ1 Þ; fðy n ÞÞ ¼ dðFðy n ; x n Þ; Fðy nÀ1 ; x nÀ1 ÞÞ 6 u dðfðy nÀ1 Þ; fðy n ÞÞ þ dðgðx nÀ1 Þ; gðx n ÞÞ 2
Adding (32) and (33) we obtain (31) . From (31), since uðtÞ < t for t > 0, it follows that a sequence fd n g is monotone decreasing. Therefore, there is some d P 0 such that
We show that d ¼ 0. Suppose, to the contrary, that d > 0. Then, taking the limit as d n ! dþ of the both sides of (31) and have in mind that we assume that lim r!tþ uðrÞ < t for all t > 0, we have
½dðgðx n Þ; gðx nþ1 ÞÞ þ dðfðy n Þ; fðy nþ1 ÞÞ ¼ lim
½dðfðx nÀ1 Þ; fðx n ÞÞ þ dðgðy nÀ1 Þ; gðy n ÞÞ ¼ 0:
Now, we prove that fgðx n Þg ¼ ffðx nÀ1 Þg and ffðy n Þg ¼ fgðy nÀ1 Þg are Cauchy sequences. Suppose, to the contrary, that at least one of fgðx n Þg or ffðy n Þg is not a Cauchy sequence. Then there exist an > 0 and two subsequences of integers flðkÞg; fmðkÞg; mðkÞ > lðkÞ P k with r k ¼ dðgðx lðkÞ Þ; gðx mðkÞ ÞÞ þ dðfðy lðkÞ Þ; fðy mðkÞ ÞÞ P for k 2 f1; 2; . . .g:
We may also assume dðgðx lðkÞ Þ; gðx mðkÞÀ1 ÞÞ þ dðfðy lðkÞ Þ; fðy mðkÞÀ1 ÞÞ < ð36Þ
by choosing mðkÞ to be the smallest number exceeding lðkÞ for which (35) holds. From (35) and (36) and by the triangle inequality, 6 r k 6 dðgðx lðkÞ Þ; gðx mðkÞÀ1 ÞÞ þ dðgðx mðkÞÀ1 Þ; gðx mðkÞ ÞÞ þ dðfðy lðkÞ Þ; fðy mðkÞÀ1 ÞÞ þ dðfðy mðkÞÀ1 Þ; fðy mðkÞ ÞÞ ¼ dðgðx lðkÞ Þ; gðx mðkÞÀ1 ÞÞ þ dðfðy lðkÞ Þ; fðy mðkÞÀ1 ÞÞ þ d mðkÞÀ1
Taking the limit as k ! 1 we get, by (34),
By the triangle inequality Since from (21) and (22) we have gðx lðkÞ Þ 6 gðx mðkÞ Þ and fðy lðkÞ Þ P fðy mðkÞ Þ, from (14) and (20) dðgðx lðkÞþ1 Þ; gðx mðkÞþ1 ÞÞ ¼ dðFðx lðkÞ ; y lðkÞ Þ; Fðx mðkÞ ; y mðkÞ ÞÞ 6 u dðgðx lðkÞ Þ; gðx mðkÞ ÞÞ þ dðfðy lðkÞ Þ; fðy mðkÞ ÞÞ 2
Also from (15) and (20) 
Inserting (38) and (39) in (40) we obtain
Letting k ! 1 and using (37) and (40) we get
a contradiction. Thus, our supposition was wrong. Therefore, we proved that fgðx n Þg ¼ ffðx nÀ1 Þg and ffðy n Þg ¼ fgðy nÀ1 Þg are Cauchy sequences. Since X complete, there exist x; y 2 X such that We now show that f 2 ðxÞ ¼ fgðxÞ ¼ Fðfx; gyÞ. Suppose that the assumption (a) holds. Taking the limit as n ! 1 in (44) and using the continuity of F we get fgðxÞ ¼ lim Similarly, taking the limit as n ! 1 in (45) and using the continuity of F we get f 2 ðxÞ ¼ Fðfx; gyÞ:
Also, from (20) Suppose now that (b) holds. Since f and g are increasing mappings we have f 2 ðx nÀ1 Þ ¼ fgðx n Þ 6 fðxÞ and g 2 ðy nÀ1 Þ ¼ gfðy n Þ P gðyÞ for all n.
Then by the triangle inequality, (15) , (43) and (44) we get dðfgðxÞ; Fðfx; gyÞÞ 6 dðfgðxÞ; fgðgðx nþ1 ÞÞÞ þ dðfgðgðx nþ1 ÞÞ;
Fðfx; gyÞÞ ¼ dðfgðxÞ; fgðgðx nþ1 ÞÞÞ þ dðFðfgðx n Þ; fgðy n ÞÞ; Fðfx; gyÞÞ 6 dðfgðxÞ; fgðgðx nþ1 ÞÞÞ þ u dðfgðgðx n ÞÞ; fgðxÞÞ þ dðfðgfðy n ÞÞ; fgðyÞÞ 2
:
So letting n ! 1 yields dðfgðxÞ; Fðfx; gyÞÞ 6 0. Hence fgðxÞ ¼ Fðfx; gyÞ. Also, dðf 2 ðxÞ; Fðfx; gyÞÞ 6 dðf 2 ðxÞ; f 2 ðgðx n ÞÞÞ þ dðf 2 ðgðx n ÞÞ;
Fðfx; gyÞÞ¼dðf 2 ðxÞ; f 2 ðgðx n ÞÞÞþdðfgðfx n Þ; Fðfx; gyÞÞ 6 dðf 2 ðxÞ; f 2 ðgðx n ÞÞÞ þ dðfgðFðx n ; y n ÞÞ; Fðfx; gyÞÞ 6 dðf 2 ðxÞ;
; n 2 N 0 :
Letting n ! 1 we have dðf 2 ðxÞ; Fðfx; gyÞÞ 6 0. Hence f 2 ðxÞ ¼ Fðfx; gyÞ.
Similarly one can show that g 2 ðyÞ ¼ gfðyÞ ¼ Fðgy; fxÞ. Thus we proved that F and g; f have a coupled coincidence point. h Example 2.5. Let ðX; dÞ be a metric space where X ¼ ½1; þ1Þ. We endow X with the natural ordering of real numbers. Let f; g : X ! X be defined as fðxÞ ¼
; if x P y:
( Let u : ½0; þ1Þ ! ½0; þ1Þ be defined as uðtÞ ¼ t 2
. Obviously, the mapping F has the mixed fgÀmonotone property, f and g are commuting mappings and F commute with f and g. Now we will show that the mappings F; f and g satisfy the inequality (14) . Let x; y; u; v 2 X be such that gðxÞ 6 gðuÞ and fðyÞ P fðvÞ. We have considered the following cases.
Case 1: x P y. Since x 6 u we have u P x P y P v, 6 u dðgðxÞ; gðuÞÞ þ dðfðyÞ; fðvÞÞ 2
Case 4: x < y; u < v, dðFðx; yÞ; Fðu; vÞÞ ¼ 0 6 u dðgðxÞ; gðuÞÞ þ dðfðyÞ; fðvÞÞ 2
Analogy shows that inequality (15) holds for every x; y; u; v 2 X for which fðxÞ 6 fðuÞ and gðyÞ P gðvÞ. Then, there exists a couple coincidence point ð1; 1Þ for mappings F; f and g. Now, we prove our main theorem in probabilistic metric spaces. Theorem 2.6. Let ðX; 6Þ be a partially ordered set and ðX; F ; TÞ be a complete Menger probabilistic metric space, t-norm T is continuous. Suppose A : X Â X ! X and f : X ! X are two mappings such that A has the f-mixed monotone property on X and for some k 2 ð0; 1Þ, F Aðx;yÞ;Aðu;vÞ ðktÞ P minfF fðxÞ;fðuÞ ðtÞ; F fðyÞ;fðvÞ ðtÞ; F fðxÞ;Aðx;yÞ ðtÞ; ð48Þ F fðuÞ;Aðu;vÞ ðtÞ; F fðyÞ;Aðy;xÞ ðtÞ; F fðvÞ;Aðv;uÞ ðtÞg for every x; y 2 X for which fðxÞ 6 fðyÞ and fðyÞ P fðvÞ and every t > 0.
Suppose also that AðX Â XÞ # fðXÞ, and (a) or (b) satisfied (a) f ðX Þ is closed and ðiÞ if a non-decreasing sequence ffðx n Þg ! fðxÞ ; then fðx n Þ 6 fðxÞ for all n; ð49Þ ðiiÞ if a non-increasing sequence ffðy n Þg ! fðyÞ ; then fðyÞ 6 fðy n Þ for all n: ð50Þ 
If there exists x 0 ; y 0 2 X such that fðx 0 Þ 6 Aðx 0 ; y 0 Þ and fðy 0 Þ P Aðy 0 ; x 0 Þ; then there exist p; q 2 X such that fðpÞ ¼ Aðp; qÞ and fðqÞ ¼ Aðq; pÞ;
Proof. Following the proof of Theorem 7. and Theorem 8. in [12] we can construct two sequences fx n g and fy n g; n 2 N such that fðx nþ1 Þ ¼ Aðx n ; y n Þ; fðy nþ1 Þ ¼ Aðy n ; x n Þ ð 51Þ
and fðx 0 Þ 6 fðx 1 Þ 6 . . . 6 fðx nþ1 Þ 6 . . .
Also, following the proof in [12] we have min F fðx nþ1 Þ;fðx nþ2 Þ ðtÞ; F fðy nþ1 Þ;fðy nþ2 Þ ðtÞ È É
for all t > 0 and n 2 N. Letting n ! 1 in (52) we obtain 
It remains to be proved that the sequence ffðx n Þg n2N and ffðy n Þg n2N are Cauchy sequences in X. Let r ¼ k l . Since 0 < r < 1 the series P 1 i¼1 r i is convergent and there exists n 0 2 N such that P 1 i¼n0 r i < 1. Hence for every n > n 0 and every m 2 N
which implies that 
It is obvious that lim n!1 T
for every t > 0, and now for every t > 0 and every k 2 ð0; 1Þ there exists n 1 ðt; kÞ such that F fðxnþmÞ;fðxnÞ ðtÞ > 1 À k for every n P n1ðt; kÞ and every m 2 N. This means that the sequence ffðx n Þg n2N is a Cauchy, and since the space is complete there exists p 2 X such that lim n!1 fðx n Þ ¼ fðpÞ.
An the same way we can prove that the sequence fðy n Þ n2N is a Cauchy sequence, and hence there exists q 2 X such that lim n!1 fðy n Þ ¼ fðqÞ. The rest of the proof is as in [12] . h Remark 2. Let ðX; 6Þ be a partially ordered set and ðX; F ; TÞ be a complete Menger probabilistic metric space, t-norm T is continuous. Let A : X Â X ! X and f : X ! X. Suppose that all conditions of Theorem 2.6 are satisfied. If t-norm T is of H-type, then the conclusions of Theorem 2.6 still holds. By Proposition 1.9, all the conditions of the Theorem 2.6 are satisfied. This is in fact result in [12] . Proof. From equivalence (7) we have 
Conclusion
In this paper, we generalized two coupled coincidence point theorems in partially ordered metric spaces and Menger probabilistic metric spaces. An illustrative example in partially ordered metric spaces is given.
